A gaseous mixture of four constituents undergoing a reversible bimolecular reaction is modelled by means of a BGK-type equation in a flow regime close to chemical equilibrium. In the proposed relaxation method, elastic and chemistry collision terms are approximated separately, introducing different reference distribution functions which assure the correct balance laws. A Chapman-Enskog procedure is applied in order to provide explicitly the transport coefficients of diffusion, shear viscosity and thermal conductivity in dependence on elastic and reactive collision frequencies, mass concentrations of each species and temperature of the whole mixture. The closure of the balance equations is performed at the Navier-Stokes level and plane wave solutions are characterized. For the (H2, Cl, HCl, H) system, transport coefficients, as well as the Prandtl number of the mixture, are represented as functions of the temperature and compared with the inert case in order to discuss the influence of chemical reaction. Moreover, the thermal conductivity for non-diffusive and homogeneous mixtures are compared. For the problem of longitudinal wave propagation the phase velocity, attenuation coefficient and affinity are analyzed as functions of the wave frequency.
Introduction
The transport coefficients computation immediately arises as a quite relevant problem when gas mixtures with chemical reactions are investigated, due to their applications to a wide range of engineering problems, chemical technologies and other physical fields.
On the other hand, the evaluation of the transport coefficients cannot be given explicitly by the exact extended Boltzmann equation, since it requires that the linearized Boltzmann integral equations should be solved. Approximated techniques must be adopted as underlined, for instance, in Refs. [1] , [2] , [3] , [4] , [5] . To overcome such a difficulty, one can replace the complex Boltzmann collision operator by a simpler term retaining the basic properties of the true operator [6] .
Exact model
In this section, some preliminaries concerning the exact model of the Boltzmann equation extended to reacting gases, and the main features of chemical kinetics are briefly recalled with reference to the papers [4] , [16] .
Extended Boltzmann equation
In the phase space characterized by the positions and velocities of the molecules, a state of a gaseous mixture which undergoes a simple reversible bimolecular reaction of the type A 1 +A 2 A 3 +A 4 is characterized by the set of one-particle distribution functions
such that f α dxdc α gives at time t the number of α particles in the volume element dxdc α around the position x and the velocity c α . The one-particle distribution function f α is assumed to satisfy a Boltzmann equation of the form
where external body forces are absent. The first term on the right-hand side of the above equation refers to the elastic interactions among the constituents and the expression for Q E αβ reads
In the above equation the primes denote post-collision velocities, σ αβ is the differential elastic cross section, g βα = |c β − c α | is a relative velocity and dΩ βα is an element of solid angle. The quantities Q where (c 1 , c 2 ) are the velocities of the reactants, whereas (c 3 , c 4 ) are the velocities of the products of the forward reaction and ε α is the formation energy of a molecule of constituent α. The conservation law of total energy (8) 
where E = ε 3 + ε 4 − ε 1 − ε 2 is the binding energy difference between the products and reactants and m 12 = m 1 m 2 /(m 1 + m 2 ), m 34 = m 3 m 4 /(m 3 + m 4 ) are reduced masses.
Chemical kinetics
The chemical potential of the constituent α for mixtures of ideal gases, where the internal degrees of freedom of the molecules are not taken into account, reads
In the above equation n α denotes the particle number density of constituent α, k is the Boltzmann constant and h is the Planck constant. Moreover, it was considered that all constituents are at the same temperature T , which is the temperature of the mixture. The chemical equilibrium condition 
since the stoichiometric coefficients are given by ν 1 = ν 2 = −ν 3 = −ν 4 = −1. Hence the law of mass action assumes the form
thanks to (10) and (11) . Above, E is the ratio between the binding energy difference and the thermal energy of the mixture kT , and the index 'eq' denotes the equilibrium values of the chemical potentials and of the particle number densities. The affinity A for the forward reaction is defined by (see Ref. [17] )
where the last equality is a consequence of equations (10) and (12) . Due to the chemical equilibrium condition (11) , the equilibrium value of the affinity vanishes.
Balance equations
The transfer equation for the constituent α is obtained from the multiplication of the Boltzmann equation (2) by an arbitrary function ψ α ≡ ψ(x, c α , t) and integration of the resulting equation over all values of c α , yielding
The balance equation for the mass density α of constituent α follows from the transfer equation (14) by choosing ψ α = m α :
where v i denotes the velocity of the mixture, u α i is the diffusion velocity of constituent α and τ α is the production term of the mass density of constituent α, which is also known as the reaction rate. The macroscopic observables α , v α i and u α i of the constituent α are defined in terms of the distribution function by the relations:
Above, denotes the mass density of the mixture and ξ 
where p α ij denotes the components of the pressure tensor of the constituent α that are defined by
Above, p α denotes the pressure of the constituent α. The balance equation for the total energy density of the constituent α is obtained by choosing
where q α i denotes the heat flux components of the constituent α defined by
The corresponding balance equations for the mixture are obtained by summing over all constituents and one can get from (15) , (19) and (21):
∂ ∂t
thanks to the constraints
In equations (24) and (25) the pressure p and the components p ij and q i of the pressure tensor and heat flux vector of the mixture are defined by
respectively. The term n α ε α u α i in the heat flux vector refers to the transport of the formation energy of a molecule of constituent α due to diffusion.
Production terms
In order to describe a quaternary mixture characterized by eight scalar fields of individual particle number densities n α , velocity v and temperature T of the mixture, the Maxwellian distribution function of the constituent α -which is a function of the particle number density n α , velocity v α i and temperature T α -is linearized with respect to the differences u
(28) In this work, the underlined term in (28) will not be taken into account, since only the case where all constituents have the same temperature, i.e., T α = T , will be analyzed.
In order to get explicit results for the dependence of the transport coefficients on the chemical reaction, differential elastic cross sections of rigid spheres are assumed
where d α and d β are the diameters of the colliding spheres. For the reactive cross section, the line-of-centers energy model proposed by Present [15] is adopted
where the quantity d σ represents a reactive collision diameter, γ αβ = m αβ g 2 βα /2kT is the relative translational energy and σ = σ /kT is the activation energy in units of kT . Moreover, σ assumes the values +1 for the reactants (α = 1, 2) and −1 for the products (α = 3, 4) of the reaction, 1 denotes the forward activation energy, whereas −1 = 1 − E the backward activation energy. The elastic and reactive diameters are connected by the steric factor s σ , namely
From the knowledge of the distribution function (28) and of the elastic cross sections (29) one can determine the linearized elastic production terms, yielding
Analogously, the linearized reactive production terms are derived from expressions (28) and reactive cross section (30), that is
σ denotes the first approximation to the rate constant. For the forward and backward reactions the first approximation to the rate constant read
respectively.
Model equation
According to the discussion carried on in the introduction, the following BGK-type model of the Boltzmann equation (2) is proposed for the considered gaseous mixture with reaction of the type
where the first term on the right-hand side of the above equation represents the elastic contributions 
The symbols A Γ αδ , B Γ αδ and C Γ αδ are coefficients to be determined by imposing that the production terms are the same in both the exact and approximate models, i.e., the following conditions must hold true
(40)
When Γ = E, the elastic case, it is δ = β and there exist 80 parameters A E αδ , B E αδ and C E αδ ; conversely, when Γ = R, the reactive case, it is δ = γ and the number of parameters reduces to 20 .
By considering that the elastic collision frequencies are given by
it follows from equations (32), (33) and (40) in the elastic case, that the elastic reference distribution functions read
Furthermore, by choosing the reactive collision frequencies as
one can conclude from the linearized reactive production terms (34) -(36) and conditions (40) in the reactive case, that the reactive reference distribution functions have the following explicit form (3, 4) , (4, 3) .
(44) One can verify that the approximate collision terms on the right-hand side of equation (38), together with definitions (41), (43) for the elastic and reactive collision frequencies, and expressions (42), (44) for the reference distributions, satisfy the constraints which are analogous to the ones given in (26) for the true collision operators. Consequently, the balance equations for each constituent and the conservation laws for the mixture are assured by the model equations (38).
Chapman-Enskog method
The model equation (38) together with expressions (42) and (44) for the reference distribution functions will be now solved by means of the Chapman-Enskog methodology [18] , calculating the distribution function as
and assuming that its first approximation f
α is the known Maxwellian
The insertion of the approximate distribution functions (45) into the model equation (38) yields
On the left-hand side of the above equation only the first approximation to the distribution function is considered, since the partial derivatives of the second approximation are connected to the third approximation to the distribution function leading to the so-called Burnett equations, which is not aim of the present work. When the chemical regime is such that elastic and reactive frequencies are of the same order of magnitude [1] , [4] , the chemical reactions are in their final stage, with A ∼ 0 and the mixture is near chemical equilibrium. Therefore, equation (47) is justified in such chemical regime [1] . The further step of the procedure consists in eliminating from equation (47) the time derivatives of the partial densities α , velocity v i and temperature T . For that end, one can use the balance equations (15), (24) and (25) (3, 4) , (4, 3) .
(48) In the above expression it was introduced the generalized diffusion forces d α i defined by
Observe that, due to the constraint As it will appear evident in the next sections, expression (48) of the second approximation is crucial for the computation of the transport coefficients as well as for the closure of the balance laws (15) , (24), (25).
Transport coefficients
In this section, the constitutive equations for the diffusion velocities, pressure tensor and heat flux of the mixture will be determined by means of the expressions (46) and (48) for the first and second approximation to the distribution function, respectively; the transport coefficients are explicitly displayed and their behavior is numerically investigated for an assigned mixture.
Constitutive equations
Inserting the approximate distribution function (45), together with (46) and (48), into the definition (18) 1 of the diffusion velocity, and integrating the resulting equation, the law of Fick follows
where x eq α = n eq α /n eq denotes the molar fraction of the constituent α. Such law gives a linear relationship between the generalized diffusion forces and the diffusion velocities. The coefficients of proportionality represent the diffusion coefficients D αβ given by
(53) It is important to call attention to the fact that, for the simple model equation proposed here, there is no thermal diffusion effect, or Soret effect. The reason is that the production terms have been calculated with the distribution function (28) which takes into account only the diffusion velocities and no other vector quantities, like the heat flux of the constituent α.
Following the same methodology above, the insertion of (45) together with (46) and (48) into the definition (27) 2 of the pressure tensor, and the integration of the resulting equation leads to the law of Navier-Stokes
where the coefficient of shear viscosity reads
The law of Navier-Stokes gives a linear relationship between the the pressure tensor and the traceless part of the gradient of velocity. In a similar way, from definition (27) 3 of the heat flux, the law of Fourier is derived in the form which establishes a linear relationship between the heat flux and the thermal gradient. The coefficient of thermal conductivity is given by
The second term on the right hand-side of the heat flux (56) refers to the transport of the enthalpy and of the formation energy due to the diffusion of the molecules. It is also remarkable that there is no diffusion-thermal effect, or Dufour effect, due to the same reason that thermal-diffusion effect is absent. Moreover, observe that all transport coefficients above, namely diffusion, shear viscosity and thermal conductivity do depend on both elastic and reactive collision frequencies.
Application
The transport coefficients will be studied with reference to a well known elementary reaction, namely
HCl+H . The values of the masses m α and diameters d α of the gas molecules [19] , as well as the corresponding values [20] for the formation enthalpy ∆ f H α at T = 298.15 K are listed in table 1. Furthermore, for the forward reaction H 2 + Cl HCl+H, the value [20] of the activation energy 1 and the one of the coefficient A, in the Arrhenius equation k (12) . Moreover, the binding energy difference between the products and reactants E is connected with the enthalpy of the reaction (or reaction heat) by E = ∆ r H = 4 α=1 ν α ∆ f H α . For the forward reaction H 2 + Cl HCl+H, such value reads ∆ r H = 3.98 kJ/mol. Since the internal degrees of freedom of the molecules were not taken into account, the difference between the heat capacities at constant pressure vanishes, and one can assume that the enthalpy of the reaction does not change with the temperature.
From now on one mole only of an ideal gas mixture for which n = 2.6 × 10 25 molecules/m 3 will be considered, and molar fractions such that x .
The behavior of transport coefficients can thus be determined in dependence on the temperature for the chemical reaction H 2 + Cl HCl+H. In figures 1 and 2 the coefficients of shear viscosity, thermal conductivity and diffusion are plotted by considering the values given above and the equations (51), (52), (53), (55) and (57). In these figures the dashed lines represent the transport coefficients for an inert mixture whereas the straight lines refer to the transport coefficients for the chemical reaction
HCl+H. It is evident from these figures that all reactive transport coefficients have smaller values than those of the inert mixture. This behavior was expected, since all transport coefficients are inversely proportional functions of the collision frequencies (see equations (51), (52), (53), (55) and (57)) and for the case where chemical reactions occur one has to consider both elastic and reacting collision frequencies. Moreover, one can infer from figures 1 and 2 that the effect of a chemical reaction on the transport coefficients is more pronounced for the diffusion coefficients followed by the shear viscosity and thermal conductivity coefficients. However, the calculation of the transport coefficients from the full Boltzmann equation indicates that the effect of a chemical reaction is more pronounced for the coefficient of thermal conductivity when compared with the coefficient of shear viscosity [4] . This discrepancy can be explained by noting that all BGK-type models have a shortcoming concerning the value of the coefficient of thermal conductivity. Indeed, for a single gas the BGK model gives a Prandtl number equal to one whereas from the full Boltzmann equation one gets a Prandtl number equal to 2/3. By defining a Prandtl number for the mixture as Pr = 5µ 2λ
one can determine how the Prandtl number behaves as function of the temperature for a reactive and a non-reactive mixture. In figure 3 , the Prandtl number is plotted in the left frame as function of the temperature whereas the right frame shows the dependence of the molar fractions on the temperature according to the law of mass action (58). Another point which is interesting to discuss refers to the coefficient of thermal conductivity λ which is defined for an homogeneous mixture where the gradients of individual particle number densities vanish. Such coefficient differs from λ since it is defined for a non-diffusive mixture where the diffusion velocities vanish. In order to determine λ , the diffusion velocities can be written from (50) as
where ∆ αβ are coefficients related to the diffusion coefficients. By inserting the expression (60) 1 into the equation for the heat flux (56) yields
thanks to (49). The new coefficient of thermal conductivity reads
It can be noted from (62) that two additional contributions result for the coefficient of thermal conductivity. One of them refers to the transport of the enthalpy due to diffusion whereas the other to the transport of the formation energy due to diffusion. This last contribution was first proposed by Nernst [21] , who has used arguments from a thermodynamic theory to include it in the expression of the coefficient of thermal conductivity. Later on Meixner [22] and Haase [23] discussed the inclusion of the transport of the formation energy due to diffusion in the coefficient of thermal conductivity, by using a more formal theory based on the thermodynamic theory of irreversible processes.
In figure 4 the two coefficients of thermal conductivity are plotted as functions of the temperature. One can observe that λ has larger values than those of λ due to the transport of the enthalpy due to diffusion. Moreover the values of λ for the reactive mixture are larger than those for the inert mixture in the temperature range 300 K < T < ≈ 767 K and smaller for 767 K < ≈ T < 1500 K. This can be understood by noting that the contribution for the coefficient of thermal conductivity due to the chemical reaction is proportional to the enthalpy of formation ε α /kT and inversely proportional to the inelastic collision frequency, while the former decreases the last increases with the temperature.
Plane harmonic waves
As usual, the closure problem is solved by substitution of the constitutive equations into the balance laws (15) , (24) , (25), reducing thus to eight the number of independent unknowns, n α , v, T . Equations (15) specify the evolution of the mass densities of all constituents, whereas equations (24) and (25) express conservation of momentum and total energy of the whole mixture, respectively. An interesting problem which can be analyzed by using the results of the preceding sections concerns the propagation of plane harmonic waves of small amplitudes in a chemically reacting gas mixture. This problem for the chemical reaction A+A B+B was analyzed in Ref. [24] . The linearized form of the balance equations here reads thanks to (15) , (24) and (25).
The analysis of longitudinal waves is here performed and, without loss of generality, the x axis is chosen as the direction of propagation of the wave. Moreover,the considered equilibrium state, where the mixture is at rest, is characterized by constant individual particle number densities n eq α (α = 1, . . . , 4) and constant temperature T 0 . Plane harmonic waves are superposed to such an equilibrium state. Their form is given by
where κ is the complex wave number and ω is the angular frequency of the wave. Furthermore, the quantitiesn α ,v andT are complex amplitudes which are supposed to be small. The phase velocity v ph and the attenuation coefficient α of the wave are defined by
Insertion of the constitutive equations (54), (56) and (60) 1 together with (67) into the balance equations (63) -(66) leads to the following linearized algebraic system of equations for the amplitudes 
where the coefficients A ij (i, j = 1, . . . , 6) are given in the Appendix. In order to obtain (69), the affinity has been written in terms of the amplitudes of the particle number densities, i.e., .
The linearized algebraic system of equations for the amplitudes has a non-trivial solution if the determinant of the matrix of the coefficients vanishes. This condition leads to a dispersion relation
where the coefficients a n do depend on the equilibrium particle number densities n eq α , on the temperature T 0 , on the transport coefficients µ, λ, ∆ αβ , on the rate constant k (0) 1 and on the angular frequency of the wave ω.
The dispersion relation (71) furnishes twelve phase velocities and twelve attenuation coefficients, which do depend on the frequency and correspond to six waves propagating in the positive x direction and six waves propagating in the negative x direction. In the left frame of figure 5 , the phase velocity v 0 /v ph is plotted together with the attenuation coefficient αv 0 /ω of one of these waves, as function of the angular frequency ω for a temperature of 1500 K. This wave corresponds to the so-called first sound and other waves will not be analized here, since they are strongly damped and very difficult to be observed experimentally. The quantity v 0 denotes the sound velocity of a non-reactive Eulerian mixture where diffusion, shear flow and heat conduction are absent and its expression reads .
In the left frame of figure 5 the dashed lines represent the values of the phase velocity v 0 /v ph and attenuation coefficient αv 0 /ω for an inert mixture of H 2 , Cl, HCl and H whereas the solid line the corresponding values for the reacting mixture H 2 + Cl HCl+H. One can infer from this figure that the phase velocity of the inert mixture is larger than that of the reactive mixture. For the values of the angular frequencies ω < ≈ 0.1 GHz and ω ≈ 1.58 GHz the phase velocity of the reactive mixture approaches that of the inert mixture. This last behavior can be explained by analyzing how the affinity A/kT changes with the angular frequency ω, since it is given in terms of the amplitudes of the individual particle number densities. For this end the real part of the amplitudes of the individual particle densities has been calculated and expression (70) used to plot, in the right frame of figure 5 , A/kT as a function of ω. It can be noted from this figure that the affinity vanishes for the values of the angular frequency ω < ≈ 0.1 GHz and ω ≈ 1.58 GHz, indicating that the mixture is at chemical equilibrium. Moreover, one can infer from this figure that for ω < ≈ 1.58 GHz the affinity is negative and the direction of the reaction takes place from left to right, whereas for ω > ≈ 1.58 GHz the affinity is positive and the direction of the reaction takes place from right to left.
Conclusion
The proposed relaxation mechanism for reacting gases results to be different from the ones available up to now in literature. For the present approximate kinetic model, which has been derived in the spirit of a BGK-type strategy for reacting mixtures, the following comments and conclusions can be drawn.
(a) The choice of the elastic and reactive reference distribution functions implies a rather cumbersome computation of the involved parameters. However, this difficulty is overcome by the fact that chemical features are displayed in the expressions of the transport coefficients and of the field equations for the individual particle number densities, velocity and temperature of the mixture. More in detail, such coefficients turn out to depend explicitly, besides the reactive collision frequencies, on the local concentration of each component as well as on the temperature of the whole mixture.
(b) The linearized Maxwellians which have been utilized to evaluate both elastic and reactive production terms do not depend on other vector quantities besides diffusion velocity. This restriction avoids the presence of crossed effects as thermal-diffusion and diffusion-thermal effects, but the lack is not particularly restrictive for the problem of wave propagation analyzed here.
(c) The numerical simulations reveal that the model, even though rather simple, is capable to describe the influence of the chemical reaction. In fact, such influence can be quantitatively interpreted through the comparison with the inert case. More in detail, the effect of chemistry corresponds to a decrease of all transport coefficients for higher temperatures, and to less influence for lighter particles. A decrease due to chemical reactions on the phase velocity is also observed. Even though, as discussed in Ref. [14] , BGK models with realistic collision frequencies in general do not allow to recover the proper value of Prandtl number, in this paper the Prandtl number, which is based on a suitable definition for the considered mixture, shows a behavior acceptable for high temperature and better approaches the correct value when the chemistry is taken into account. Furthermore, the coefficient of thermal conductivity is evaluated also in the case of an homogeneous mixture, in order to discuss the influence of the chemical reaction and the effect of the transport of both enthalpy and formation energy due to diffusion.
(d) At last, one can conclude that the model exhibits the capability to describe a chemical mechanism which affects the transport of masses due to behavior of diffusion, transport of momentum due to behavior of shear viscosity, and transport of energy due to thermal conductivity. 
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